
PHYSICAL REVIEW E SEPTEMBER 1997VOLUME 56, NUMBER 3
Critical behavior of a polydisperse polymer solution as revealed by turbidity

Rio Kita, Kenji Kubota, and Toshiaki Dobashi
Department of Biological and Chemical Engineering, Faculty of Engineering, Gunma University, Kiryu, Gunma 376, Japan

~Received 21 October 1996; revised manuscript received 3 April 1997!

The critical behaviors were examined for polydisperse polystyrene~Mw /Mn52.8, Mw523.93104! in cy-
clohexane in the vicinity of the critical mixing point using turbidity measurement. Here,Mw andMn are the
weight-averaged and number-averaged molecular weights, respectively. The critical exponents were obtained
as g851.3860.05 for the osmotic compressibility andn850.7260.02 for the long-range correlation length
together withj050.4660.06 nm showing a distinct deviation from the three-dimensional Ising values, and are
in agreement with Fisher’s renormalized exponents.@S1063-651X~97!02609-3#

PACS number~s!: 61.25.Hq, 64.60.Fr, 61.41.1e
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INTRODUCTION

Critical behaviors of polymer solutions have been stud
in terms of the large fluctuations of the order parame
These behaviors are characterized by the critical expone
It has been so far ascertained that the critical behavior
polymer solutions, composed of a polymer having su
ciently narrow molecular weight distribution and a solve
belong to the same universality class as the thr
dimensional Ising model of simple binary liquid mixture
@1–4#. For example, Kojimaet al. carried out the light scat
tering experiments for the mixture of polystyrene and cyc
hexane near its critical composition and obtained the crit
exponent of the isothermal osmotic compressibilityg51.24
60.01 and that of the long-range correlation lengthn
50.6260.02@4#. In fact, these values are consistent with t
three-dimensional Ising model values~g51.24 andn50.63
@5,6#! and satisfy the scaling relationg5(22h)n with h
being the correction factor for the correlation function. Mo
of the experimental studies were performed using polym
that have very narrow molecular weight distributions, a
the theoretical studies were also based on monodisp
polymers. However, a molecular weight distribution is intri
sic to polymer systems and its effect should be an impor
subject not only for the polymer chemistry but also for t
polymer physics. Unfortunately, few accurate studies of
critical behaviors of polydisperse polymer systems have b
done because of the difficulty~for example! in determining
the critical point. Therefore, it is very interesting and des
able to study the critical behaviors of a polydisperse sys
in which the polydispersity has been well characterized.

Fisher has studied the impurity effect for binary mixtur
near the critical point and found that the critical expone
are renormalized asf t5 f /(12a) by a fluctuation of an im-
purity ~third component!, where f t and f are the renormal-
ized and three-dimensional Ising critical exponents, resp
tively, anda is the critical exponent of specific heat for th
corresponding binary system@7#. In a previous paper, we
reported an experimental study of a coexistence curve for
mixture of polydisperse polystyrene in cyclohexane near
critical mixing point, which emphasized the characterist
of a multicomponent system@8#. Polystyrene has a broa
molecular weight distribution ofMw /Mn52.8, whereMw
and Mn are the weight- and number-averaged molecu
561063-651X/97/56~3!/3213~6!/$10.00
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weights, respectively. Critical exponentb8 for the shape of
the coexistence curve was obtained as 0.36360.005, and
clearly deviates from the three-dimensional Ising mo
value of b50.326 @5,6#. This result is in agreement with
Fisher’s renormalized Ising model prediction with almos
full renormalization,b/(12a)50.366 with a being 0.110
@5,6#.

Experimental studies of the critical phenomena of liqu
mixtures have been often performed by use of light scat
ing techniques. Multiple scattering is a serious problem
this method for the mixtures that have large differences
the refractive indices of the components@9–11#. It is very
difficult to obtain reliable results for the critical exponents,g
andn, especially very close to the critical point, and to ma
the difference betweenf t and f clear. The mixture of poly-
styrene and cyclohexane is one of the systems that sh
strong multiple scattering near the critical point. The turb
ity, however, is free in principle from the problem of mu
tiple scattering, and turbidity measurement is especially
vantageous in such cases, because it is the measureme
unscattered~transmitted! light intensity @9#. In fact, it has
been well ascertained that the critical exponents obtai
from turbidity measurements are in good agreement with
results of light scattering studies in a simple binary liqu
mixture @11#, in a cationic surfactant in aqueous salt soluti
@12#, and in a polymer blend@13#.

In this paper, we report turbidity measurements of a po
disperse polystyrene solution in cyclohexane near the crit
point. We found that the critical behavior of the polydisper
polymer system is characterized by Fisher’s renormali
Ising model.

EXPERIMENT

Polystyrene is Styron 666 obtained from Asahi Chemi
Industry Co. Ltd., Tokyo, Japan. Its weight-averaged a
number-averaged molecular weights areMw523.93104 and
Mn58.63104, respectively. The molecular weight distribu
tion was characterized by GPC measurements@14#, and the
shape of the distribution function of the molecular weight
expressed well by a Schulz-Zimm-type distribution@15#. Cy-
clohexane of reagent grade was distilled twice after be
passed through silica gel. No impurity was detected by
chromatography.
3213 © 1997 The American Physical Society
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For turbidity measurements, a sample solution of the cr
cal concentration, which was determined from the inters
tion of the coexistence curve and the cloud point curve@8#,
was prepared in a dry box under dry nitrogen atmosph
and put into a rectangular cell with an optical path length
5 mm by passing it through a membrane filter~Fluoropore,
0.22 mm of pore size!. The sample cell was then flam
sealed. The criticality was ascertained by the observation
it separated into two phases with equal volume just bel
the phase separation temperature~a few mK!. Figure 1 shows
the experimental setup used in the present study. A He
laser beam operated at a wavelength of 632.8 nm~intensity
less than 1 mW! passed through pinholes, a beam splitter
convex lens, the sample cell and a neutral density filter, a
was detected by a photodiode~Hamamatsu Co. Ltd., S1226!.
The intensity of the incident beam was monitored by anoth
photodiode assembly. The pinholes were used to minim
the effect of unnecessary reflections and to avoid the s
tered light. Special care was taken so that the transmi
beam should not be contaminated by the reflections from

FIG. 1. Schematic diagram of experimental setup of turbid
measurement.P1 –P8: pinhole; BS: beam splitter;L: lens; PL:
polarizer;B: water bath; SC: sample cell; ND: neutral density filte
PD1 and PD2: photodiode.
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interfaces of optical parts~lens, window, and sample cell!.
The sample cell was immersed in a water bath, the temp
ture of which was monitored by a quartz thermometer a
controlled within 61 mK. Near the critical pointT2Tc
,0.03 K, the temperature was carefully monitored and c
trolled within 60.2 mK. Water in the bath was thorough
cleaned by being circulated through a membrane filter of
mm, before use, to avoid the unnecessary scattering. A
changing the temperature, the sample was allowed to acc
plish a thorough equilibrium for at least 1 h. The temperat
was changed within a few mK near the critical point, and t
sample was kept at the same temperature for more than
The turbidity was determined by measuring both the incid
and transmitted~unscattered! light intensities. The errors o
turbidity for the respective data points are tabulated in Ta
I.

Figure 2 shows a schematic phase diagram of the pre
system. The critical temperatureTc and the critical volume
fraction fc were obtained asTc526.23 °C andfc50.0694,
respectively@8#. Solid and broken curves indicate the coe
istence curve and the cloud point curve, respectively, and
discrepancy between them is the unique characteristics
polydisperse polymer solution. The arrow shows the exp
mental course in the present turbidity measurements.

Turbidity

Turbidity t is defined as the attenuation of transmitt
light intensity per a unit optical length in the medium. Whe
the sample does not absorb the incident beam, the turb
results from the attenuation due to the scattering. Using
Ornstein-Zernike scattering function in the critical regiont
can be expressed as@9#
pera-

cludes
TABLE I. Turbidity t of polydisperse polystyrene in cyclohexane as a function of the reduced tem
ture e. dt means the experimental error oft.

e t (cm21) dta (cm21) e t (cm21) dta (cm21)

2.331026 3.03 0.033 2.90731024 1.07 0.019
9.031026 2.64 0.029 3.34131024 1.03 0.019

1.4431025 2.49 0.028 3.87631024 0.95 0.018
2.9131025 2.18 0.025 4.44431024 0.89 0.018
3.7131025 2.05 0.024 5.37931024 0.81 0.018
4.1131025 2.00 0.024 6.34831024 0.74 0.017
5.7531025 1.84 0.023 7.41731024 0.67 0.017
7.7831025 1.70 0.022 8.75431024 0.57 0.017
8.7931025 1.65 0.022 1.00231023 0.52 0.017
9.5631025 1.60 0.021 1.17331023 0.46 0.016

1.00231024 1.59 0.021 1.37731023 0.40 0.016
1.13631024 1.53 0.021 1.67131023 0.34 0.016
1.30331024 1.46 0.021 1.96531023 0.29 0.016
1.40331024 1.42 0.020 2.39931023 0.24 0.016
1.57031024 1.35 0.020 2.88031023 0.20 0.016
1.77131024 1.32 0.020 3.42131023 0.17 0.016
1.97131024 1.28 0.020 4.12631023 0.15 0.015
2.20531024 1.20 0.019 4.94831023 0.12 0.015
2.60631024 1.12 0.019 5.84731023 0.11 0.015

adt is estimated from the relation ofudtu5udI t /I tu1udI 0 /I 0u, whereI t and I 0 denote the intensities of the
transmitted and incident beam, respectively. It should be noted that the error of the incident beam in
effectively the uncertainty of the background correction.
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t5A0TxTG~z!, ~1!

where

G~z!5@~2z212z11!/z3#

ln~112z!22~11z!/z2, ~2!

z52~q0j!2. ~3!

A0 can be treated as a constant, insensitive to tempera
xT is the isothermal osmotic compressibility,j is the corre-
lation length, and q0 is the incident wave vecto
(52pn/l0). T, l0 , andn are the temperature, waveleng
of light in vacuum, and refractive index, respectively.xT and
j are expressed by the following scaling equations:

xT5xT,0e
2g8, ~4!

j5j0e2n8, ~5!

where g8 and n8 are the critical exponents ofxT and j,
respectively. e is the reduced temperature defined ase
5(T2Tc)/Tc .

The turbidity of polymer solutions includes a backgrou
part tB as well as a net singular part due to the critic
phenomena, as demonstrated in several literatures@16,17#.
Thus, we used the valuet2tB as the turbidity in Eq.~1!.
Here,tB was determined by the measurements of turbidity
temperatures far fromTc(T2Tc525 K). The refractive in-
dex of the critical solution,n51.44, was used to calculat
q0 in Eq. ~3!.

RESULTS AND DISCUSSION

Figure 3 shows a double-logarithmic plot of turbidity as
function of the reduced temperaturee. The numerical data

FIG. 2. Schematic phase diagram of polydisperse polystyren
cyclohexane. Solid and broken curves indicate the coexiste
curve and cloud point curve, respectively~see Ref.@8#!. The arrow
shows the experimental course of the present turbidity meas
ment.
re,

l

t

are tabulated in Table I. Turbidity was large~t;3 at
e;231026!, suggesting a strong multiple scattering. T
critical exponentsg8 andn8 were simultaneously determine
using a nonlinear least-squares fit~without weighting factors
for the fit! to Eq.~1! together withA0 andj0 . No noticeable
systematic deviation was observed over the entire temp
ture range (231026,e,631023). The resultant values
are g851.3660.05 andn850.7160.02 together withj0

50.4760.06 nm and A0xT,05(0.4060.05)31027 ~6
means one standard deviation!. The reduced chi squarexn

2

was 0.66. A value ofxn
2 less than 1 is due to a little overes

timation of the experimental error of turbidity measuremen
This j0 value is comparable with the reported valuej0

50.58 nm for the binary~monodisperse! polystyrene in cy-
clohexane obtained by the light scattering measurement@4#.
These exponent values are definitely larger than the th
dimensional Ising ones for the binary systemsg51.24 and
n50.63, and are in good agreement with the theoretical p
dictions of Fisher’s~fully ! renormalized Ising modelg t
5g/(12a)51.39 andn t5n/(12a)50.71 usinga50.110
@5,6#. The turbidity equations~1!–~3! are complicated and
involve interdependent parameters. In such cases, the fit
a parameter should be carefully checked to ensure conv
ing results. We took an account of the difference of the
perimental error of each point and introduced the weight
factors to a fit. The relative deviations from the fitted cur
are shown in Fig. 3. No systematic deviation was obser
again over the entire temperature range. In this fitting pro
dure, we tried to use several choices of the initial trial valu
for the fitting parameters. Those are tabulated in Table
Although all of the values obtained by the respective fitti
are within one standard deviation of each other and the
sultant values ofxn

2 were essentially the same, a slight d
pendence on the initial values only forg8 andA0xT,0 were

in
ce

e-

FIG. 3. Double-logarithmic plot of turbidity as a function of th
reduced temperaturee. The solid, dotted, and dashed curves are
calculated turbidity by Eq.~1! for the four-parameter fit, fixed-fit a
Ising values, and fixed fit at fully renormalized values, respective
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TABLE II. List of the parameters obtained by the least-squares fit. The values in the parentheses are the fixed values in the fi
the values in the brackets are the initial trial values in the fitting.6 indicates standard deviation. The*average values for the four-paramete
weighted fit are indicated below their respective columns. Finally, we used the*average values as the starting values. The results are sh
in the last row.

107A0xT,0 (cm21 K21) j0 ~nm! g8 n8 xn
2

Unweighted fit
4 parameters 0.4060.05 0.4760.06 1.3660.05 0.7160.02 0.66
Ising 1.2160.07 1.0560.05 ~1.24! ~0.63! 8.26
Fully renormalized 0.4360.02 0.6360.02 ~1.39! ~0.71! 3.65

Weighted fit
4 parameters 0.3360.10 0.4460.06 1.3960.05 0.7360.02 0.67
Ising 1.1360.06 1.0060.04 ~1.24! ~0.63! 7.09

0.7760.02 0.5760.02 ~1.24! 0.6660.02 0.76
1.1460.02 0.6460.02 1.1760.04 ~0.63! 0.92

Fully renormalized 0.4260.02 0.6260.02 ~1.39! ~0.71! 2.86
0.3360.01 0.4460.02 ~1.39! 0.7360.01 0.63
0.4160.01 0.4760.02 1.3560.01 ~0.71! 0.64

Weighted fit 0.4760.14 @1.13# 0.5060.06 @1.00# 1.3360.05 @1.24# 0.7060.02 @0.63# 0.68
0.3560.11 @1.13# 0.4560.06 @1.00# 1.3860.05 @1.39# 0.7260.02 @0.71# 0.65
0.4460.13 @0.42# 0.4860.06 @0.62# 1.3460.05 @1.24# 0.7060.02 @0.63# 0.67
0.3460.10 @0.42# 0.4560.06 @0.62# 1.3960.05 @1.39# 0.7260.02 @0.71# 0.65

*average 0.400 0.470 1.360 0.710

0.3660.11 @0.40# 0.4660.06 @0.47# 1.3860.05 @1.36# 0.7260.02 @0.71# 0.65
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observed. Therefore, we adopted the averaged values re
ing from those fitting routines as the final initial trial value
The resultant values areg851.3860.05 and n850.72
60.02 together withj050.4660.06 nm andA0xT,05(0.36
60.11)31027(xn

250.65). These values agree well wi
those by the unweighted fit.

Moreover, we tried to use a constrained fit by fixing t
critical exponents at the theoretical values for Ising valu
and fully renormalized values. Figure 3 shows system
deviations from the fits, for both the constrained fits of Isi
values and fully renormalized values. The deviations w
larger and more systematic for Ising values than for fu
renormalized values, as shown in Fig. 4. For weighted
unweighted fits,xn

2 were 7.09 and 8.26, respectively, wi
Ising values, and 2.86 and 3.65, respectively, with fu
renormalized values. The parameters determined by the
tistical analyses were listed in Table II. Least-squares
using fixed values for the exponents showed large system
deviations and largexn

2, especially for Ising values. Con
strained fits~with fixing only one of the critical exponents a
the theoretical values! for Ising values and fully renormal
ized values were also examined~see Table II!. The cases of
fixing for the Ising value are not good, and fixing at the fu
renormalized value gives almost the same result as thos
the four-parameter fit. The four-parameter fit~with no con-
straint! showed reasonably smallxn

2 and no systematic de
viation. A difference ofxn

2 between the four-parameters
and the fixed fit at fully renormalized values is attributable
the small difference of the exponents, since the fitting
significantly affected by the exponent values. In Fig. 4
deviation of the closest point toTc is very large for the
ult-
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constrained fit for Ising exponents~triangles! and for fully
renormalized exponents~squares!. Then, we tried to analyze
the data when omitting this point. The resultant parame
were essentially the same as those listed in Table II. Th

FIG. 4. Relative deviations as a function of the reduced te
peraturee. texpt is the observed turbidity andtcalc is the calculated
turbidity with Eq. ~1! using values for the four-parameters fit~d!,
fixed-fit at Ising exponents~,!, and fixed-fit at fully renormalized
exponents~h!. dt means the error of turbidity for the respectiv
points.
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analyses clearly show that the critical behavior of the pres
system revealed by turbidity is expressed well by the ren
malized Ising values excluding the Ising values.

In our previous paper, we foundb850.36360.005, indi-
cating a good consistency with the present values.
present results again ascertained that the critical behavio
a polydisperse polymer solution are expressed well
Fisher’s fully renormalized Ising model, as well as bimod
polymer solutions and ternary mixtures. Moreover, these
ponents satisfy the scaling relations ofa8522dn852 – 3
30.72520.1660.04 and a812b8g8520.161230.363
11.3851.9560.10 in agreement with a negative value
a8 corresponding toa50.11 @5,6#.

Broseta and Leibler studied the critical behavior of a
modal polymer solution and showed that Fisher’s renorm
ization becomes visible at the critical valuee* ,k1/a, where
k is related to the volume fraction of a polymer with a larg
molecular weight in the total polymer and to the molecu
weight ratio of two polymer components@18#. Because of
the large power of 1/a, such a crossover could be realize
even with the addition of a small amount of a higher mole
lar weight component. This point has already been exp
mentally observed for the system of two homologo
polymers in a solvent (polystyrene I1polystyrene II
1methylcyclohexane)@19,20#. The interaction that govern
the dominant fluctuation relating to the critical behaviors
modulated by the coexisting impurity, and critical behavio
due to such a modulation could be expressed by the unive
manner of Fisher’s renormalization. According to this vie
point, the critical behaviors of a polydisperse system co
spond to those of a ternary system when its polydispersit
large enough. In the present case, polydispersity work
modulate the interaction.

Experimental studies of the impurity effect on the critic
phenomena in binary fluid mixtures have been carried out
systems with a variety of impurities along various thermod
namic paths. Bak and Goldburg found that the enhanced
ues of critical exponentsg and n could be observed in the
systems with large enough amounts of impurities@21,22#.
Jacobs and his colleagues showed a linear dependenceb
on the amount of impurities for a binary system
methanol1cyclohexane@23,24#. Fisher’s fully renormalized
l
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exponentsb8, g8, and n8 have been verified for ordinary
ternary mixtures, e.g., ethanol1chloroform1water @25–29#.
In bimodal polymer solutions, a large amount of a high
molecular weight component and a high molecular wei
ratio of the two polymers were considered to raise the v
ibility of the renormalized exponents@18–20#. Binary and
ternary polymer blends also showed the renormalization
the critical exponents@30,31#. In the former case, it is be
lieved that a large amount of free volume change on mix
may be the cause of the impurity effect, which results in
renormalization of the critical exponents@30#. Recently, the
evidence for renormalization was also demonstrated in m
complex systems, such as micelles and microemulsio
which may be regarded as quasiternary systems, altho
there still remains some controversial problems@12,32–35#.
The type of the impurity in the present multicomponent s
tem, a polydisperse polymer with a wide molecular weig
distribution in a solvent, is very different from those studi
so far. Agreement of the critical exponents in the pres
system with other systems indicates a universality of the
purity effect on the critical behaviors of binary fluid mix
tures.

Tanaka recently proposed the concept that the topolog
characteristics of the polymer chain induce a kinetic co
pling between the stress field and the order paramete
polymer solution dynamics@36#. Since this mechanism is
brought about by the asymmetry in molecular dynamics
polymer and solvent, the molecular weight distributio
should give essential effects on this phenomena. It is in
esting to study critical dynamics and phase separation in
lating to such a novel concept, using a well characteriz
polymer as the extension of this work.
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